We study conformally flat hypersurfaces f : M 3 → Q 4 (c) with three distinct principal curvatures and constant mean curvature H in a space form with constant sectional curvature c. 
It was shown by E. Cartan [3] that if f : M n → Q n+1 (c) is a hypersurface of dimension n ≥ 4 of a space form with constant sectional curvature c and dimension n + 1, then M n is conformally flat if and only if f has a principal curvature of multiplicity at least n − 1. Recall that a Riemannian manifold M n is conformally flat if each point of M n has an open neighborhood that is conformally diffeomorphic to an open subset of Euclidean space R n . Cartan also proved that any hypersurface f : M 3 → Q 4 (c) with a principal curvature of multiplicity two is conformally flat, and that the converse is no longer true in this case. The study of conformally flat hypersurfaces by Cartan was taken up by Hertrich-Jeromin [6] , who showed that a conformally flat hypersurface f : M . A recent improvement by Canevari and the second author [2] (see Theorem 5 below) of HertrichJeromin's theorem is the starting point for the results of this paper.
Conformally flat hypersurfaces f : M n → Q n+1 (c) of dimension n ≥ 4 with constant mean curvature were shown by do Carmo and Dajczer [4] to be rotation hypersurfaces whose profile curves satisfy a certain ODE. In particular, they concluded that minimal conformally flat hypersurfaces with dimension n ≥ 4 of Q n+1 (c) are generalized catenoids, extending a previous result for c = 0 by Blair [1] . The same conclusions apply for hypersurfaces f : M 3 → Q 4 (c) that have a principal curvature of multiplicity two. The case in which f has three distinct principal curvatures was studied by Defever [5] , who proved that no such hypersurface exists if c = 0. Our first theorem extends this result for c = 0. Our last and main result shows that the preceding statement is not true in Euclidean space R 4 . In fact, we show that, besides the cone over a Clifford torus in S 3 , there exists precisely a one-parameter family of further examples.
Theorem 3. There exists precisely a one-parameter family of (congruence classes of ) minimal isometric immersions f : M 3 → R 4 with three distinct principal curvatures of simply connected conformally flat Riemannian manifolds.
More precisely, we show that there exist an algebraic variety M 4 ⊂ R 6 , which contains a pair of straight lines ℓ − and ℓ + whose complementM
is a regular submanifold of R 6 , an involutive distribution D of codimension one onM 4 and a finite group G of involutions ofM 4 isomorphic to Z 2 × Z 2 × Z 2 × Z 2 such that the following assertions hold:
with three distinct principal curvatures of a simply connected open subset U σ ⊂ R 3 , which is conformally flat with the metric induced by f σ , and a covering map φ σ : U σ → σ. The singular set ℓ − ∪ ℓ + of M 4 corresponds to the cone over a Clifford torus in S 3 .
(ii) If σ andσ are distinct leaves of D then fσ is congruent to f σ if and only if there exist a diffeomorphism ψ : U σ → Uσ and Θ ∈ G such that φσ • ψ = Θ • φ σ . In particular,σ = Θ(σ).
is a minimal isometric immersion with three distinct principal curvatures of a simply connected conformally flat Riemannian manifold, then either f (M 3 ) is an open subset of the cone over a Clifford torus in S 3 or there exist a leaf σ of D and a local diffeomorphism ρ :
Preliminaries
In this section we discuss a local characterization of conformally flat hypersurfaces f : M 3 → Q 4 (c) with three distinct principal curvatures and present the examples of minimal conformally flat hypersurfaces in Q 4 (c) with three distinct principal curvatures given by generalized cones over Clifford tori.
Characterization of conformally flat hypersurfaces
First we recall the notion of holonomic hypersurfaces. One says that a hypersurface f :
coordinates (u 1 , . . . , u n ) such that the coordinate vector fields
Then the first and second fundamental forms of f are
Denote v = (v 1 , . . . , v n ) and V = (V 1 , . . . , V n ). We call (v, V ) the pair associated to f . The next result is well known.
, satisfies the system of PDE's
Conversely, if (v, h, V ) is a solution of (2) on a simply connected open subset U ⊂ R n , with v i > 0 everywhere for all 1 ≤ i ≤ n, then there exists a holonomic hypersurface f : U → Q n+1 (c) whose first and second fundamental forms are given by (1).
The following characterization of conformally flat hypersurfaces f : M 3 → Q 4 (c) with three distinct principal curvatures was given in [2] , improving a theorem due to Hertrich-Jeromin [6] .
where (δ 1 , δ 2 , δ 3 ) = (1, −1, 1). Then M 3 is conformally flat and f has three distinct principal curvatures.
Conversely, any conformally flat hypersurface f : M 3 → Q 4 (c) with three distinct principal curvatures is locally a holonomic hypersurface whose associated pair (v, V ) satisfies (3).
It will be convenient to use the following equivalent version of Theorem 5.
where H is the mean curvature function of f . Then M 3 is conformally flat and f has three distinct principal curvatures.
Conversely, any conformally flat hypersurface f : M 3 → Q 4 (c) with three distinct principal curvatures is locally a holonomic hypersurface whose associated pair (v, V ) satisfies (4).
Proof. It suffices to show that equations (3) together with
are equivalent to (4) . For that, consider the Minkowski space L 3 endowed with the Lorentz inner product
Then the conditions in (3) say that v = (v 1 , v 2 , v 3 ) and V = (V 1 , V 2 , V 3 ) are orthogonal with respect to such inner product, v is light-like and V is a unit space-like vector. Since
w, with λ = ±1. Therefore
Substituting (6) in (5) we obtain
Substituting (7) in (6) yields
and changing the orientation, if necessary, we may assume that λ = 1.
Generalized cones over Clifford tori
First we show that, if g :
is the Clifford torus parametrized by
then the standard cone
is a minimal conformally flat hypersurface. The first and second fundamental forms of F with respect to the unit normal vector field 
hence F is a minimal conformally flat hypersurface with three distinct principal curvatures, one of which being zero.
The preceding example can be extended to the case in which the ambient space is any space form, yielding examples of minimal conformally flat hypersurfaces f : M 3 → Q 4 (c) with three distinct principal curvatures also for c = 0.
Start with the Clifford torus g :
where x = (x 1 , x 2 ) and e 5 is a unit vector spanning the factor R in the orthogonal decomposition
, is also a Clifford torus in an umbilical hypersurface
, which has
as a unit normal vector field along F s 0 . Notice also that
The first and second fundamental forms of F with respect to the unit normal vector field
In terms of the new coordinates u 1 , u 2 , u 3 , related to s, x 1 , x 2 by
the first and second fundamental forms of F become
where θ = √ cs, which, in view of the first equation in (9), satisfies
It follows from (10) that F is a minimal conformally flat hypersurface.
where x = (x 1 , x 2 ), e 5 is a unit time-like vector in L 5 and e ⊥ 5 is identified with R 4 . As in the previous case, for each fixed s = s 0 the map
, and F is a generalized cone over F s 0 . Now the first and second fundamental forms of F are
and
where θ(s) = √ −cs satisfies
It follows from (11) that F is a minimal conformally flat hypersurface with three distinct principal curvatures, one of which being zero.
The proofs of Theorems 1 and 2
First we derive a system of PDE's for new unknown functions associated to a conformally flat hypersurface f : M 3 → Q 4 (c) with three distinct principal curvatures under the assumption that f has constant mean curvature.
be a holonomic hypersurface with constant mean curvature H whose associated pair (v, V ) satisfies (4). Set
satisfy the differential equations
as well as the algebraic relations
where
Equations (i), (ii), (iii) and (iv) are due to the fact that f is a holonomic hypersurface with (v, V ) as its associated pair, and (v) and (vi) follow by differentiating (3).
Using (4) and equations (i), (iv), (v) and (vi) in (22) one can show that
From (i) and (v) of (22), together with (23), one obtains the formulae for the derivatives
In a similar way, using (i), (iii) and (v), together with (23), one finds the derivatives 
One can check that such system has a unique solution given by (15), (17) and (20). Finally, computing the mixed derivatives 
In the lemmata that follows we assume the hypotheses of Proposition 7 to be satisfied and use the notations therein.
Lemma 
2(5v
Comparying (24) with (25) and (26) yields, respectively,
which is a contradiction. (18) and (19) reduce to the following on V :
and, since α 1 = α 3 = 0, equations (15), (17) and (20) become, respectively, (5v 
On one hand, substituting (32) in (30) we obtain ∂α 2 ∂u 2 = 1 90v On the other hand, differentiating (32) with respect to u 2 and using (28) gives Using that α 2 = 0 and v 1 − v 3 = 0 on V , we obtain from (33) and (34) that
Differentiating (35) with respect to u 2 , and using (28) we obtain
Since v 1 − v 3 = 0, we must have (22v .
Finally, differentiating (37) with respect to u 2 and using (28) we obtain 0 = − 1680v
which is a contradiction, for the right-hand-side of (38) is nonzero.
Lemma 11. There does not exist any open subset of M 3 where α 2 = 0 = α j for some j ∈ {1, 3}.
Proof. We argue for the case in which j = 1, the other case being similar. So, assume that α 1 and α 2 vanish on an open subset U ⊂ M 3 . By Lemma 9, α 3 is nonzero on an open dense subset V ⊂ U. Equations (15) and (17) can be rewritten as follows on V : (5v
Eliminating α 2 3 from the equations in (39) yields
Differentiating (40) with respect to u 3 and using that α 3 = 0 we obtain
Finally, differentiating (41) with respect to u 3 and using the fact that H is constant we obtain 0 = 120v Subtracting one of the equations in (42) from the other we obtain
Differentiating (43) with respect to u 1 we obtain 21v 3 3
Since α 1 = 0, equation (44) implies that H = 0, and hence c = 0 by (43).
, and hence that v 1 = v 3 on some open neighborhood U ⊂ M 3 of p 0 . By Lemma 9, there exist an open subset U ′ ⊂ U and i ∈ {1, 2, 3} such that α i (p) = 0 for all p ∈ U ′ . It follows from Lemma 10 and Lemma 11 that there exist q ∈ U ′ and j ∈ {1, 2, 3}, j = i, such that α j (q) = 0. Thus there exists q ∈ M 3 such that α i (q) = 0 and α j (q) = 0, i = j, and the conclusion follows from Lemma 12.
Proof of Theorem 1: Follows immediately from Lemma 8 and Lemma 13.
Proof of Theorem 2: Given p ∈ M 3 , let u 1 , u 2 , u 3 be U be local principal coordinates on an open neighborhood U of p as in Corollary 6. It follows from Lemma 13 that the associated pair (v, V ) satisfies v 1 = v 3 on U. Thus λ 2 vanishes on U, and hence everywhere on M 3 by analyticity. The statement is now a consequence of the next proposition.
(c) be a conformally flat hypersurface with three distinct principal curvatures. If one of the principal curvatures is everywhere zero, then either c = 0 and f is locally a cylinder over a surface g : M 2 (c) → R 3 with constant Gauss curvaturec = 0 or f is locally a generalized cone over a surface g : M 2 (c) → Q 3 (c) with constant Gauss curvaturec =c in an umbilical hypersurface Q 3 (c) ⊂ Q 4 (c),c ≥ c, with
is an open subset of a generalized cone over a Clifford torus in an umbilical hypersurface
Proof. Let e 1 , e 2 , e 3 denote local unit vector fields which are principal directions correspondent to the distinct principal curvatures λ 1 , λ 2 , λ 3 , respectively. Then conformal flatness of M 3 is equivalent to the relations
for all distinct indices i, j, k (see [7] , p. 84). It follows from Codazzi's equation and (45) that
If, say, λ 2 = 0, then equation (46) yields
hence the distribution {e 2 } ⊥ spanned by e 1 and e 3 is umbilical in M 3 by (47). If ϕ is identically zero on M 3 , then {e 2 } ⊥ is a totally geodesic distribution, and hence M 3 is locally isometric to a Riemannian product I × M 2 by the local de Rham theorem. Since M 3 is conformally flat, it follows that M 2 must have constant Gauss curvature. Moreover, by Molzan's theorem (see Corollary 17 in [8] ), f is locally an extrinsic product of isometric immersions of the factors, which is not possible if c = 0 because f has three distinct principal curvatures. Therefore c = 0 and f is locally a cylinder over a surface with constant Gauss curvature in R 3 . If ϕ is not identically zero on M 3 , given x ∈ M 3 let σ be the leaf of {e 2 } ⊥ containing x and let j : σ → M 3 be the inclusion of σ into M 3 . Denotẽ g = f • j. Then the normal bundle Ngσ ofg splits as
= −ϕg * X for all X ∈ X(σ), where∇ is the induced connection ong * T Q 4 (c). It follows that the normal vector field η = f * e 2 ofg is parallel with respect to the normal connection ofg, and that the shape operator ofg with respect to η is given by Ag η = ϕI. It is a standard fact that this impliesg(σ) to be contained in an umbilical hypersurface Q 3 (c) ⊂ Q 4 (c),c ≥ c, that is, there exist an umbilical hypersurface i :
Moreover, since at any y ∈ σ the fiber L(y) = span{η(y)} coincides with the normal space of i at g(y), it follows that f coincides with the generalized cone over g in a neighborhood of x.
In particular, M 3 is a warped product I × ρ M 2 , and since M 3 is conformally flat, M 2 must have constant Gauss curvature. If, in addition, f is minimal, then g must be a Clifford torus in an umbilical hypersurface
, and the preceding argument shows
is an open subset of a generalized cone over g.
Proof of Theorem 3
First we rewrite Proposition (7) when H = 0 = c and state a converse to it.
Proposition 15. Let f : M 3 → R 4 be a holonomic hypersurface whose associated pair (v, V ) satisfies v
where (51)
is a solution of (50) satisfying (48) on an open simply-connected subset U ⊂ R 3 , then φ satisfies (51) and the (2), and hence gives rise to a holonomic hypersurface f : U → R 4 whose associated pair (v, V ) satisfies (48) and (49).
In view of Corollary 6 and Proposition 15, minimal conformally flat hypersurfaces of R 4 are in correspondence with solutions φ = (v 1 , v 2 , v 3 , α 1 , α 2 , α 3 ) of (50) satisfying (48) and (51). We shall prove that such solutions are, in turn, in correspondence with the leaves of a foliation of codimension one on the algebraic variety constructed in the next result.
Proposition 16. Define G, F :
and F (x, y) = 9x .
3 > 0 and y = 0} and let ℓ ± be the half lines in M 4 given by
for some s > 0 and y = (0, ±1, 0)}.
is a regular submanifold of R 6 and ℓ − ∪ ℓ + is the singular set of M 4 .
Proof. If p ∈ M 4 we have ∇G(p) = − 2x 1 , 2x 2 , −2x 3 , 0, 0, 0 , while the components of ∇F (p) are given by That
is a smooth submanifold of R 6 and ℓ − ∪ ℓ + is the singular set of M 4 is a consequence of the next two facts. Proof. Assume that
for some a ∈ R − {0}. Equation (52) gives us six equations, the last three of which yield y 1 = y 3 = 0 and
, we obtain that x 2 = √ 2x 1 . Using this and the second of such equations we obtain that a = −10x 10 1 . Finally, the first one implies that y 2 2 = 1. Then the following assertions hold:
(i) X 1 (p), X 2 (p), X 3 (p) are linearly independent for all p ∈M 4 .
(ii) {p ∈ M 4 ; X 1 (p) = 0} = ℓ − ∪ ℓ + = {p ∈ M 4 ; X 3 (p) = 0}.
(iii) The vector fields X 1 , X 2 , X 3 are everywhere tangent toM 4 and the curves γ ± : R → R 6 given by γ ± (t) = (e t , √ 2e t , e t , 0, ±1, 0), are integral curves of X 2 with γ ± (R) = ℓ ± . .
Thus we must have y 3 = 0, and hence x 1 = x 3 and y 2 = ±1. It follows that the subset {p ∈ M 4 ; X 1 (p) = 0} coincides with ℓ − ∪ ℓ + .
In a similar way one shows that the subset {p ∈ M 4 ; X 3 (p) = 0} coincides with ℓ − ∪ ℓ + , and the proof of (ii) is completed.
To prove (i), first notice that X 1 (p), X 2 (p), X 3 (p) are pairwise linearly independent. This already implies that if λ 1 , λ 2 , λ 3 ∈ R are such that
then either λ 1 = λ 2 = λ 3 = 0 ou λ 1 = 0, λ 2 = 0 e λ 3 = 0. We will show that the last possibility can not occur. Equation (53) gives the system of equations 
